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Reconstructing the Equation of State for Dark Energy In the Double Complex Symmetric
Gravitational Theory∗
Shao Ying,† Gui Yuan-Xing ‡, Wang Wei
Department of Physics, Dalian University of Technology, Dalian 116023
We propose to study the accelerating expansion of the universe in the double complex symmetric gravitational
theory (DCSGT). The universe we live in is taken as the real part of the whole spacetimeM4C(J) which is double
complex. By introducing the spatially flat FRW metric, not only the double Friedmann Equations but also the
two constraint conditions pJ = 0 and J2 = 1 are obtained. Furthermore, using parametric DL(z) ansatz, we
reconstruct the ω′ (z) and V(φ) for dark energy from real observational data. We find that in the two cases of
J = i, pJ = 0 and J = ε, pJ , 0, the corresponding equations of state ω
′ (z) remain close to -1 at present (z = 0)
and change from below -1 to above -1. The results illustrate that the whole spacetime, i.e. the double complex
spacetime M4C(J), may be either ordinary complex (J = i, pJ = 0) or hyperbolic complex (J = ε, pJ , 0). And
the fate of the universe would be Big Rip in the future.
PACS numbers: 04.20.-q; 98.80.-k; 98.80.Es
I. INTRODUCTION
Current astrophysical observations have indicated that the
universe undergoes accelerated expansion during recent red-
shift times[1,2]. The accelerating expansion has been attributed
to the existence of mysterious dark energy[3] with negative
pressure which can induce repulsive gravity and thus cause ac-
celerated expansion. The cosmological constant Λ with equa-
tion of state ω = p
ρ
= −1[4] is the simplest and most obvious
candidate for dark energy. However this model raises theoret-
ical problems related to the fine tunned value. These difficul-
ties have led to a variety of alternative models where the dark
energy component varies with time (eg. quintessence, phan-
tom etc.)[5]. Other physically motivated models predicting late
accelerated expansion include modified gravity[6], chaplygin
gas[7], braneworld[8], quintom[9,10] etc. It is interesting that
the equation of state ω for the quintom model crosses -1 in the
near past. In addition, some researches have presented to re-
construct the properties of dark energy from observations[11].
On the other hand, differing from these models, Mof-
fat proposed the nonsymmetric gravitational theory (NGT)[12]
as a possible alternative of dark energy[13]. Meanwhile, a
so-called the double complex symmetric gravitational theory
(DCSGT) have been established[14]. Moreover, the corre-
sponding double complex Einstein’s field equations have been
obtained. NGT and DCSGT are also the generalized gravita-
tional theory presented as the unified field theory of gravity
and electromagnetism. Thus, the questions arise whether we
can obtain the corresponding equations of state for dark en-
ergy in the DCSGT or whether the accelerating expansion of
the universe can be studied in the DCSGT. In this paper, we
will answer these questions. For instance, the universe we
live in has been taken as the real part of the whole spacetime
M4C(J) which is double complex. This paper is organized as
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follows. We obtain in Sec two, by introducing spatially flat
FRW metric, the double Friedmann Equations in the DCSGT
and the two constraint conditions pJ = 0 and J2 = 1. In Sec
three, the equation of state ω′ (z), potential V(φ) and scalar
field φ for dark energy are reconstructed from real observa-
tional data. Sec four is a conclusion.
II. THE FRIEDMANN EQUATIONS IN THE DCSGT
In the double complex symmetric gravitational theory (DC-
SGT), metric tensor is a double complex symmetric tensor.
Correspondingly, connection and curvature are forced to be
double complex. The real diffeomorphism symmetry of stan-
dard Riemannian geometry is extended to complex diffeomor-
phism symmetry. In the double complex manifold of coordi-
nates M4C(J), the double complex symmetric metric gµν(J) is
defined by
gµν(J) = sµν + Jaµν, (1)
where sµν and aµν are the real symmetric tensors, and the dou-
ble imaginary unit J = i, ε (J = i, J2 = −1; J = ε, J2 = 1, J ,
1)[15,16]. The real contravariant tensor sµν is associated with
sµν by the relation
sµνsµσ = δ
ν
σ, (2)
and also
gµνgµσ = δνσ. (3)
The double complex symmetric connection Γλµν(J) and
curvature Rµν(J) are determined by the equations
gµν;λ(J) = ∂λgµν(J) − gρν(J)gρµλ(J) − gµρ(J)Γρνλ(J) = 0, (4)
Rλµνσ(J) = −∂σΓλµν(J)+∂νΓλµσ(J)+Γλρν(J)Γρµσ(J)−Γλρσ(J)Γρµν(J).
(5)
From curvature tensor, we can obtain the double complex
Bianchi identities(
Rµν(J) − 1
2
gµν(J)R(J)
)
;ν
= 0. (6)
2The action is denoted by S = S grav + S M , where S grav and S M
are respectively gravity action and matter action
S grav =
1
2
∫
d4x
[
Gµν(J)Rµν(J) + (Gµν(J)Rµν(J))†
]
, (7)
1√
−g(J)
( δS M
δgµν(J) ) = 8piGTµν(J), (8)
where Gµν(J) := √−g(J)gµν(J) = Sµν + JAµν, “†”denotes
complex conjugation and Tµν(J) = τµν+ Jτ′µν is a double com-
plex symmetric source tensor. The variation with respect to
gµν(J) and dividing the equation by √−g(J) can lead to
Rµν(J) − 12gµν(J)R(J) = −8piGTµν(J). (9)
Eq.(9) is the double complex Einstein’s field equation in the
DCSGT14. Eq.(9) is written as
Rµν(J) = −8piG(Tµν(J) − 12gµν(J)T (J)
)
.
Let us consider the spatially flat FRW metric
ds2 = −dt2 + a2(t)[dr2 + r2(dθ2 + sin2θdφ2)]. (10)
The double complex symmetric metric tensor gµν(J) is deter-
mined by
g00(J) = −(1 + J),
g11(J) = a2(t) + Ja2(t),
g22(J) = a2(t)r2 + Ja2(t)r2,
g33(J) = a2(t)r2 sin2 θ + Ja2(t)r2 sin2 θ. (11)
The energy-momentum tensor Tµν(J) in the double complex
symmetric spacetime is defined
T µν(J) = [(ρC+pC)UµUν+pCgµν]+J[(ρJ+pJ)U ′µU ′ν+pJgµν],
(12)
where ρC , pC and ρJ , pJ are energy density and pressure re-
spectively in real and imaginary spacetime respectively. We
define
sµνUµUν = −1, aµνU ′µU ′ν = −1, (13)
Tµν(J) = gµαgνβTαβ(J), (14)
Substituting Eqs.(11) and (12) into Eq.(9), the double evolu-
tive equations of the universe are expressed
a¨
a
= −4piG3 [(3pC + ρC) + J
2(pJ − ρJ)], (15)
pC − ρC + (2 − J2)ρJ + (4 − J2)pJ = 0, (16)
2 a˙
2
a2
+
a¨
a
= 4piG[(ρC − pC) + J2(ρJ − pJ)], (17)
2
a˙2
a2
+
a¨
a
= 4piG[(ρC − pC) + J2ρJ + (J2 − 2)pJ], (18)
where dot means derivative with respect to time.
From Eqs.(15)-(18), we can obtain two constraint condi-
tions
pJ = 0 or J2 = 1, (19)
and Hubble parameter
H2 =
8piG
3 [ρC +
1
2
J2(ρJ − pJ)], (20)
˙H = −4piG(ρC + pC). (21)
Eqs.(20) and (21) are the Friedmann Equations in the DCSGT.
In the following section, we will study the reconstructions
of the equations of state for dark energy in the two constraints
pJ = 0 and J2 = 1, respectively.
III. THE RECONSTRUCTIONS OF EQUATIONS OF
STATE ωφ AND POTENTIAL V(φ) FOR DARK ENERGY
If the density and pressure of the matter of the universe are
respectively
ρC = ρm + ρ
′
, pC = pm + p
′
, (22)
where ρm =
3H20
8piGΩ0m(1+z)3 and pm = 0 are energy density and
pressure of nonrelativistic matter, ρ′ and p′ are energy density
and pressure for scalar field φ
ρ
′
=
λ
2
˙φ2 + V(φ), p′ = λ2
˙φ2 − V(φ), (23)
where λ = ±1 corresponding to ordinary scalar field and phan-
tom scalar field. Substituting Eqs.(22) and (23) into Eqs.(20)
and (21), then we can obtain
H2 =
8piG
3 [ρm +
λ
2
˙φ2 + V(φ) + 1
2
J2(ρJ − pJ)], (24)
˙H = −4piG(ρm + λ ˙φ2). (25)
A. the case of pJ = 0
If the first constraint condition pJ = 0, Eq.(24) is rewritten
as
H2 =
8piG
3
[ 4 − J2
2(2 − J2)ρm +
λ
2
˙φ2 +
2
2 − J2 V(φ)
]
. (26)
3From Eqs.(25) and (26), the double potential V(z) and scalar
field φ can be obtained
V(z) = 3H0
2
8piG
[ (2 − J2)H2
2H02
−1
2
Ω0m(1+z)3− (2 − J
2)(1 + z)H
6H02
dH
dz
]
,
(27)
(dφdz )
2 =
1
λ
3H02
8piG
[ 2
3H02(1 + z)H
dH
dz −
Ω0m(1 + z)
H2
]
, (28)
where dzdt = −(1 + z)H(z). And the equation of state for dark
energy is
ω
′ (z) = p
′
ρ
′ =
(4−J2)(1+z)
3(2−J2)H
dH
dz − 1
1 − 2H
2
0
(2−J2)H2Ω0m(1 + z)3 + J
2(1+z)
3(2−J2)H
dH
dz
. (29)
Eqs.(27)-(29) show that potential V(z) and equation of state
ω
′ (z) are only dependent of double imaginary unit J, but field
function φ is dependent of λ, i.e. V(z) and ω′ (z) are model-
independent. Therefore, the following quantities are shown
for λ = 1 (ordinary scalar field). When J = i (correspond-
ing to the ordinary complex 4D spacetime), Eqs.(27)-(29)
are potential V(z), field φ and equation of state ω′ (z) in the
ordinary complex symmetric gravitational theory (OCSGT).
When J = ε (corresponding to the hyperbolic complex 4D
spacetime), V(z), φ and ω′ (z) are obtained in the hyperbolic
complex symmetric gravitational theory (HCSGT)[14].
In the following we will concretely study the state param-
eters ω
′ (z) corresponding to J = i, ε from the observational
data. Hence we will deny the equation of state ω′ (z) in the HC-
SGT (J = ε) for the constraint condition pJ = 0. The observa-
tional data we will adopt are the Full Gold dataset (FG) (157
data points 0 < z < 1.7) compiled by Riess et al[17], which
is one of the most reliable and robust SnIa datasets existing.
And all reconstructed quantities are shown for Ωm = 0.3.
In spatially flat cosmology, the luminosity distance DL(z)
and Hubble parameter H(z) are simply related as (c = 1)
H(z) ≡ a˙
a
=
[ d
dz
(DL(z)
1 + z
)]−1
. (30)
We use a rational ansatz for the luminosity distance
DL(z)[11]
DL
1 + z
≡ 2
H0
[ z − α√1 + z + α
βz + γ
√
1 + z + 2 − α − γ
]
, (31)
where α, β and γ are fitting parameters, which are determined
by minimizing the function
χ2(a1...an) =
N∑
i=1
(µobs(zi) − µth(zi))2
σ2i
, (32)
where the total error published for the FG dataset σ2i =
σ2µi + σ
2
int + σ
2
νi. The observational and theoretical distance
modulus are defined as µobs(zi) = mobs(zi) − M and µth(zi) =
5 log10(DL(z)) + µ0, respectively. The luminosity distance DL
is related to the measured quantity, the corrected apparent
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FIG. 1: The plot shows the evolution of ω′ (z) for the Ωm = 0.3 in
the DCSGT. The solid line and the dashed line respectively denote
the ω′ (z) in the OCSGT (J = i) and HCSGT (J = ε). Notice that the
divergence of ω′ (z) in the HCSGT is not consistent with the obser-
vations while the ω′ (z) accords with the observations in the OCSGT
and changes from below −1 to above −1.
peak B magnitude mB as mB = M + 25 + 5 log10 DL, where M
is the absolute peak luminosity. The minimization of Eq.(32)
is made using the FindMinimum command of Mathematica.
Moreover, the following constraints[11] are applied to mini-
mize χ2,
Ωm = ( β
2
αβ + γ
)2, (33)
and
4β + 2γ − α
2 − α ≥ 3Ωm. (34)
Our reconstructions for ω′ (z) are shown in fig1.(The
curves plotted are for the best-fit values of the parameters
α = 1.492, β = 0.583, γ = −0.190) Notice that the divergence
of equation of state ω′ (z)(J = ε) in the hyperbolic complex
spacetime does not accord with observation facts. So we deny
this situation. According to the evolution of ω′ (z)(J = i) in the
OCSGT, we find that the ω′ (z) remains close to -1 at present
(z = 0) and the fate of the universe would be Big Rip in the
future. It is interesting that ω′ (z) changes from below -1 to
above -1, which agrees with the Quintom model[9,10]. In fig
2 and 3, the potential V(z) reconstructed and the age of the
universe obtained using t(z) = H−10
∫ ∞
z
H0dz
(1+z)H , are respectively
shown. And we see that the age of universe is about 14 Gyr,
which is consistent with the observations.
B. the case of J2 = 1
We have discussed the case of pJ = 0, J = ε above. Below
we will study the case of J2 = 1(J = ε), but pJ , 0. Eq.(24)
turns into
H2 =
8piG
3
[5
6ρm +
λ
2
˙φ2 +
2
3V(φ) +
2
3ρJ
]
. (35)
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FIG. 2: The effective potential V(z) is shown in units of 3H20/8piG.
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FIG. 3: The age of the Universe at a redshift z, given in Gyr, for the
value of H0 = 70kms−1 Mpc−1.
If the density parameter ΩJ in the imaginary part of the
whole spacetime M4C(J) is ΩJ ≡ ρJρ0 = ρJ/(
3H20
8piG ) = 1, then we
can obtain
V(z) = 3H
2
0
8piG
[3H2
2H20
− 1
2
Ω0m(1+ z)3 − (1 + z)H2H20
dH
dz − 1
]
, (36)
(dφdz )
2 =
1
λ
3H20
8piG
[ 2
3H20(1 + z)H
dH
dz −
1
H2
Ω0m(1 + z)
]
. (37)
Furthermore, the equation of state for dark energy
ω
′ (z) = p
′
ρ
′ =
−1 + 5(1+z)9H dHdz +
2H20
3H2
1 − 2H
2
0
3H2Ω0m(1 + z)3 − 1+z9H dHdz −
2H20
3H2
. (38)
Eqs. (36)-(38) are potential V(φ), field φ and equation of state
ω
′ (z) in the hyperbolic complex symmetric gravitational the-
ory (HCSGT). We still apply the DL(z) ansatz (31) and the two
constraints (33) and (34) to minimize χ2. Hence the equations
of state ω′ (z) and potential V(z) for dark energy are shown in
fig4 and 5, respectively. Note that the ω′ (z) remains close to
-1 at present and changes from below -1 to above -1 for the
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FIG. 4: The equation of state ω′ (z) = p′/ρ′ as a function of redshift z
for pJ = 0 in the HCSGT (J = ε). The curve plotted is for Ωm = 0.3.
The ω′ (z) changes from below -1 to above -1 and remains close to -1
at present.
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FIG. 5: The effective potential V(z) is shown in units of 3H20/8piG.
whole redshift range 0 < z < 1.7. The fate of the universe
would be Big Rip in the future.
IV. CONCLUSIONS
In this paper, we have proposed to study the accelerating
expansion of the universe in the double complex symmet-
ric gravitational theory (DCSGT). The universe we live in is
taken as the real part of the whole spacetime M4C(J) which
is double complex. By introducing the spatially flat FRW
metric, the double Friedmann Equations and two constraint
conditions pJ = 0 and J2 = 1 have been obtained. Further-
more, using parametric DL(z) ansatz and real observational
data, we have reconstructed the equation of state ω′ (z) and
potential V(φ) for the two constraints, respectively. The re-
sults have indicated that the corresponding state parameters
ω
′ (z) are consistent with the observations for the two cases
of J = i, pJ = 0 and J2 = 1(J = ε), pJ , 0. So we have
concluded that the whole spacetime M4C(J), may be either or-
dinary complex (J = i) for pJ = 0 or hyperbolic complex
(J = ε(J2 = 1)) for pJ , 0. Moreover, we find (see fig1 and
4) that the ω′ (z) remains close to the −1 at present (z = 0)
5and changes from below -1 to above -1, which is consistent
with the Quintom model[9,10]. And fig1 and 4 show that when
z < 0, ω′(z) < −1 which tell us that the fate of the universe
would be Big Rip in the future. Since we have only studied
the corresponding properties of the dark energy in the DC-
SGT, some questions are not deeply discussed (eg. the rela-
tion (16) of matter between real and imaginary space and the
properties of the whole spacetime). Hence, we will investigate
these issues in detail in the forthcoming work.
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